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‘ Examples on linear
Linear ODE:

linear differential equations

u'(t) = a(t)u(t) + b(t)

Nonlinear ODE:

o(£) = u(£)(1 — () = u(t) — u(1)?

This (pendulum) ODE is also nonlinear:

U +ysinu=0

because

sinu=u— éu"' +0(),

contains products of u

‘ The scaled logistic ODE

u'(t) = u(t)(1 - u(t)) = u—u?

‘ What makes a differential equations nonlinear?

o In linear differential equations, the unknown v or its derivatives
appear in linear terms au(t), au'(t), aV2u, where a is
independent of u.

o All other types of terms containing u are nonlinear and contain
products of v or its derivatives.

sic concepts

o Logistic ODE as simple model for a nonlinear problem
@ Introduction of basic techniques:

o Explicit time integration (no nonlinearities)

o Implicit time integration (nonlinearities)

o Linearization and Picard iteration

o Linearization via Newton's method

o Linearization via a trick like geometric mean

@ Numerical illustration of the performance

Linearization by explicit time discretizati

Forward Euler method:
— =u"(1-u")
gives a linear algebraic equation for the unknown value u"+1!

Explicit time integration methods will (normally) linearize a
nonlinear problem.

Another example: 2nd-order Runge-Kutta method

vt =u"+ Atu"(1—u"),

s At% ("1 - u") + (1 - u"))) .




Backward Euler discretizatio

An implicit me

A backward time difference

un — 1

A= u"(1—u")

gives a nonlinear algebraic equation for the unknown u”. The
equation is of quadratic type (which can easily be solved exactly):

At(u")? + (1 - At)u" —u" 1 =0

‘ Exact solution of quadratic nonlinear equations

Solution of F(u) = 0:

_ 1 / 2
(1)
u=ory ( 14+ At+4/(1 - At)? — 4Aty >

Observati
Nonlinear algebraic equations may have multiple solutions!

‘ Linearizati

o In general, we cannot solve nonlinear algebraic equations with
formulas

o We must linearize the equation, or create a recursive set of
linearized equations whose solutions hopefully converge to the
solution of the nonlinear equation

@ Manual linearization may be an art

o Automatic linearization is possible (cf. Newton’s method)

Examples will illustrate the points!

‘ Detour: new notati

To make formulas less overloaded and the mathematics as close as
possible to computer code, a new notation is introduced:

o u™ means u"!

o In general: u) means u"~*

o u is the unknown (u")

Nonlinear equation to solve in new notation:

F(u) = Atu? + (1 — At)u — v =

solution in

‘ How do we pick the ri

Let's investigate the nature of the two roots:

>>> import sympy as sp

>>> dt, u_l, u = sp.symbols(’dt u_1 u’)

>>> rl, r2 = sp.solve(dt*u**2 + (i-dt)*u - u_l, u) # find roots
>>> rl

(dt - sqrt(dt**2 + 4xdt*u_1 - 2*%dt + 1) - 1)/(2xdt)
>>> r2

(dt + sqrt(dt**2 + 4xdt*u_1 - 2xdt + 1) - 1)/(2+dt)
>>> print rl.series(dt, 0, 2)

-1/dt + 1 - w1 + dtx(u_1**2 - u_1) + 0(dt**2)

>>> print r2.series(dt, 0, 2)

w1l + dtx(-u_1+2 + u_ 1) + 0(dt**2)

The r1 root behaves as 1/At — oo as At — 0! Therefore, only
the r2 root is of relevance.

‘ Picard iteratio

Nonliner equation from Backward Euler scheme for logistic ODE:
F(u)=au’+bu+c=0

Let u~ be an available approximation of the unknown u. J

Linearization of v u~u

F(u)~ F(u)=au"u+bu+c=0
But
@ Problem: the solution u of It'(u) = 0 is not the exact solution

of F(u) =0
o Solution: set u~ = u and repeat the procedure




‘ The algorithm of Picard iterati

At a time level, set u= = u(®) (solution at previous time level) and
iterate:

c

T a1 b v

This technique is known as
o fixed-point iteration
@ successive substitutions

o nonlinear Richardson iteration

o Picard iteration

‘ Stopping criteria

Using change in solution:

ju—u"|<e¢

or change in residual:

|F(u)| = |au? + bu+c| < ¢

‘ Implicit Crank-Nicolson discretization

Crank-Nicolson discretization:
[Deu = u(1 — )"z

url _n

U T s (32
At u (u™2)

. 1 . .
Approximate u"™*2 as usual by an arithmetic mean,
1 1
Ui A E(un + u"“)

1
(u”+%)2 ~ Z(u" + u"™™)2  (nonlinear term)

which is nonlinear in the unknown u"+1

The algorithm of Picard iteration with classical math

notation
o u*: computed approximation in iteration k
o uk*1 s the next approximation (unknown)
c
akuk bkt pc=0 = k= -——% % k=0.1,...
auk + b
Or with a time level n too:
n—1
autkynktl Lkl el g o ekt Y k=0.1..
aumk 4+ b’ T

‘ A single Picard iteration

Common simple and cheap technique: perform 1 single Picard
iteration

un 1

n n-1

—— =u"(l-u

At ( )

Inconsistent time discretization (u(1 — u) must be evaluated for n,
n—1orn— %) - can produce quite inaccurate results, but is very
popular.

‘ Linearization by a geometric me

. . 1 . . .
Using a geometric mean for (u"*2)? linearizes the nonlinear term
1 . . . .
(u™*2)? (error O(At?) as in the discretization of u’):

(un+%)2 ~ "y

. . . 1 .

Arithmetic mean on the linear u"2 term and a geometric mean for
1o . . .

(u"*2)2 gives a linear equation for u"+1:

_ %(un + ) 4oyt

Note: Here we turned a nonlinear algebraic equation into a linear
one. No need for iteration! (Consistent O(At?) approx.)




‘ Newton's method

Write the nonlinear algebraic equation as

F(u)=0
Newton's method: linearize F(u) by two terms from the Taylor

series,

F'(u ) u—u )+

The linear equation F(u) = 0 has the solution

_Fl)
F'(u™)

u=u

Note that £ in Picard and Newton are different!

‘ Using Newton's method on the logistic ODE

F(u) = av® + bu +c

F'(u) =2au+b
The iteration method becomes

a(u")? +bu" +c
2au= +b

Start of iteration: v~ = u(!)

‘ Relaxation may improve the convergence

o Problem: Picard and Newton iteration may change the
solution too much

o Remedy: relaxation (less change in the solution)

o Let u* be the suggested new value from Picard or Newton
iteration

Relaxation with relaxation parameter w (weight old and new value):
u=wu'+(l-wu, w<l
Simple formula when used in Newton’s method:

Fw)
Fila)

u=u

‘ Newton’s method with an iteration index

Newton'’s method exhibits quadratic convergence if u* is sufficiently
close to the solution. Otherwise, the method may diverge.

Using Newton's method on the logistic ODE with typical

math notation

Set iteration start as u™® = u"~! and iterate with explicit indices
for time (n) and Newton iteration (k):

umkHL gk At(u™*)? + (1 - Atum — u"?
2Atunk 41— At

Compare notation with

At(u )2+ (1 — Aty — oD
2Atu~ +1 - At

u=u +

‘ Implementation; part 1

Program logistic.py

def BE_logistic(u0, dt, Nt, choice=’Picard’,
eps_r=1E-3, omega=1, max_iter=1000):
if choice == ’Picardl’:
choice = ’Picard’; max_iter = 1

u = np.zeros(Nt+1)

iterations = []
ul0] = w0
for n in range(l, Nt+1):
a = dt
b=1-dt
¢ = -u[n-1]
if choice == ’Picard’:
def F(u):
return a*u**2 + b*u + c
u_ = uln-1]
k=0
while abs(F(u_)) > eps_r and k < max_iter:
u_ = omega*(-c/(a*u_ + b)) + (l-omega)+*u_
k += 1
ufn] = u,

iterations.append (k)




‘ Implementation; part

def BE_logistic(u0, dt, Nt, choice=’Picard’,
eps_r=1E-3, omega=1, max_iter=1000):

elif choice == ’Newton’:

def F(u):
return axu**2 + b¥u + c
def dF(u):
return 2%a%u + b
u_ = u[n-1]
k=0

while abs(F(u_)) > eps_r and k < max_iter:
u_ = u_ - F(u)/dF(u])
k +=1
uln] = u_
iterations.append (k)
return u, iterations

Experiments: accuracy of iteration methods

0t=09, cps=5E.02
¥
—

dt=09. eps=1£.03
v

0 — 0 —
s 910,45, eps=1£.03 N 10,09, eps=1€-04
o o6
o4 { —fE o4

e BE exact
o v—v BE Picord 03

44 BE Picard]
0 —+ BE Newton| 03

cNgm

‘ The effect of relaxation can potentially be

o At =0.9: Picard required 32 iterations on average
e w = 0.8: 7 iterations

e w=0.5: 2 iterations (!) - optimal choice

Other w =1 experiments:

At €r Picard  Newton

02 10 5 2
02 1073 2 1
0.4 1077 12 3
0.4 1073 4 2
08 1077 58 3
0.8 1072 4 2

‘ Implementation; p

The Crank-Nicolson method with a geometric mean:

def CN_logistic(u0, dt, Nt):
u = np.zeros(Nt+1)
uf0] = w0
for n in range(0, Nt):
uln+1] = (1 + 0.5%dt)/(1 + dt*u[n] - 0.5%dt)*uln]
return u

Experiments: number of iterations

Si=U Y. eps=devs o=, eps=ies
N
o
o 4 N
=045, eps=16.03 N =009, eps=1£.04
= o
e ewion

v = f(u,t)

Note: f is in general nonlinear in u so the ODE is nonlinear




‘ Explicit time discretization

Forward Euler and all explicit methods sample f with known values
and all nonlinearities are gone:
e

gy
A )

‘ Picard iteration for Backward Euler scheme

A simple Picard iteration, not knowing anything about the
nonlinear structure of f, must approximate f(u, tn) by f(u™, t,):

Flu)=u—Atf(u, ty) — u®

The iteration starts with u= = u(!)) and proceeds with repeating

v = AtFu t) +u®, u=wrt 4+ (I—w)uT, T« u

until a stopping criterion is fulfilled.

Computational experiments with partially implicit treatment

of £

o f(ut)=—u
o (u™)? linearization: 22, 9, 6 iterations
o (u™)%u linearization: 8, 5, 4 iterations

o f(u,t)=e " atrick f(u™, t)u/u~ has no effect
o f(u,t) =sin(2(u +1)): a trick f(u™,t)u/u™ has effect
(7,9, 11 iterations vs 17, 21, 20)

‘ Backward Euler discretization

Backward Euler [D; u = f]" leads to nonlinear algebraic equations:
F(u") = u" — At f(u", tp) —u" 1 =0
Alternative notation:

F(u) = u—Atf(u,ty) —u® =0

‘ Manual linearization for a given f(u, t)

o f(u™,t): explicit treatment of f
(as in time-discretization)
o f(u,t): fully implicit treatment of f
o If f has some structure, say f(u,t) = u®
partially implicit treatment: (u™)?u

, we may think of a

o More implicit treatment of f often gives faster convergence
(as it gives more stable time discretizations)

Trick for partially implicit treatment of a general f(u, t):
u
flum,t)—
(0.5

(Idea: v~ u™)

‘ Newton’s method for Backward Euler scheme

Newton’s method requires the computation of the derivative

F'uy=1- Atg—i(u, ta)

Algorithm for Newton's method for v’ = f(u, t)

Start with u= = u(?), then iterate

F(u™) o) 4 At f(u, tn)
—w =Uu W5
F'(u™) 1 At2f(u, ta)

u=u




‘ Crank-Nicolson discretization Picard and Newton iteration in the Crank-Nicolson case

Picard iteration (for a general f):
The standard Crank-Nicolson scheme with arithmetic mean

approximation of f reads N 1 1
Flu)=u—uM— Atz thi) - Atif(u“% tn)

1
= E(f(unﬂ-, tni1) + (0", tn)) Newton’s method:

Nonlinear algebraic equation:
¢ K Flu) = u— o — At%f(u, tos1) — At%f(um, t)

Flu) = u— oD — At (0, tarr) — ALLF(UD, £) = 0
2 2 F'(u)=1 lAtaf t
u) = ) a(uv nt1)

‘ Systems of ODEs ‘ A Backward Euler scheme for the vector ODE v’ = f(u, t)

d f ug — ”371 n
Iug(t): fo(uo(t), i (t),. .., un(t), t) T:{O(u S tn)
d un oyt
Iul(t) = fi(uo(t), ur(t), ..., un(t), t), % = f(u", tn)
8 ant) = fuluoe), (), um(8) i
geiv(t) = tn(uo(t), un(t), ... un(t), NAtN = fu(u", 1)
Introduce vector notation: This can be written more compactly in vector form as
o u=(up(t), ui(t),...,un(t)) .
f; fi o f u —u™
o (fo(u,t), fi(u,t), ..., fu(u, t)) At = f(u", ta)
Vector form: . . . .
This is a system of nonlinear algebraic equations,
u' = f(u,t), wu(0)= U
(. 1), u(0) 0 u" — Atf(u" t,) —u" =0,
Schemes: apply scalar scheme to each component or written out

Example: Crank-Nicolson scheme for the oscillating ‘ The nonlinear 2 x 2 system

pendulum model

The scaled equations for an oscillating pendulum:

@ =—sinf — fwlwl, (1) Introduce ug and 1y for uf™ and uf ™, write uf") and u{") for uZ
] " :
6 = omega, 2 and uf, and rearrange:
Set up =w, uy =0 1 1
Fo(uo, tn) = up — u{) + At sin <§(u1 " u{l))) + A + s o +
/ — J— _ 1
o = flu.) sin uy = Buolunl, Fi(uo,u) = u1 — u§” - EAt(uo + ul(,l)) -0

up = fi(u,t) = u.

Crank-Nicolson discretization:

n+1 n
Y — YU

At

. 1 1 1 (1 1
=—sinu 7 - 5u3+2|u3+2\ ~ —sin (E(u{’+1 + u1n)> - BZ




‘ Systems of nonlinear algebraic equations

xcosy +y*=0
yieX +xy =2

Systems of nonlinear algebraic equations arise from solving systems
of ODE:s or solving PDEs

‘ Picard iteration

Picard iteration for F(u) = 0 is meaningless unless there is some
structure so we can linearize. For A(u)u = b(u) we can linearize

Note: we solve a system of nonlinear algebraic equations as a
sequence of linear systems.

| Newton's method for F(u)

Linearization of F(u) = 0 equation via multi-dimensional Taylor
series:

F(u)=F(u™)+J(u) - (v —u)+O(|ju—u|7)
where J is the Jacobian of F, sometimes denoted V,F, defined by

OF;
i = (')u,l-

Approximate the original nonlinear system F(u) =0 by

Fu)=Fu )+ J(u™) 6u=0, u=u—u"

which is linear vector equation in u

‘ Notation for general systems of algebraic equations

F(u)=0
where

u=(ug,...,un), F=(Fo,....Fn)

Special linear system-type structure
(arises frequently in PDE problems):

A(u)u = b(u)

‘ Algorithm for relaxed Picard iteration

Given A(u)u = b(u) and an initial guess u~, iterate until
convergence:

@ solve A(u™)u* = b(u™) with respect to u*

Q u=wu+ (1 —w)u"

Qu +— u

“Until convergence™: ||u— u~|| <€, or ||A(u)u — b|| < e,

‘ Algorithm for Newton's method

Fl ) vector T2 ) matrix  Stvector =0

Solution by a two-step procedure:
Q solve linear system J(u™)du = —F(u™) wrt du
Q update u = u~ +du

Relaxed update:

u=w(u +du)+(1-wu” =uv +wiu




‘ Newton's method for A(u

For
Fi =" Aix(u)ui — bi(u)
k
one gets
BF,‘ BA,-_k abi
A — A — —
i duj p Juj et Aig duj
Matrix form:

(A+Au+b)ou=—Au+b

(A(u™) + A (u)u™ + b (u))du=—A(u")u™ + b(u™)

‘ Combined Picard-Newton algorithm

Write a common Picard-Newton algorithm so we can trivially
switch between the two methods (e.g., start with Picard, get faster
convergence with Newton when u is closer to the solution)

Given A(u), b(u), and an initial guess u™, iterate until convergence:
Q solve (A+~y(A'(u)u +b'(u7)))du=—A(u")u™ + b(u™)
with respect to du
Q u=u +wlu
Qu <+ u

Note:
@ v = 1: Newton's method

@ v = 0: Picard iteration

Combination of absolute and relative stopping criteria

Problem with relative criterion: a small ||F(ug)|| (because ug ~ u,
perhaps because of small At) must be significantly reduced. Better
with absolute criterion.

o Can make combined absolute-relative criterion
@ ¢, tolerance for relative part

@ €, tolerance for absolute part

[[F(u)ll < erel|F(uo)l| + €ra

[[F(u)ll < erel|F(uo)|[+€ra or [[6ull < €urllunll+eua or k> kmax

‘ Comparison of Newton and Picard iteration

Newton:

(A(u™)+ A(u™)u™ + b'(u7))0u=—A(u")u" + b(u™)

Rewrite:

A(u™)(u™ +6u) = b(u™) +v(A'(u7)u™ + b'(u™))0u=0

Picard system

All the “Picard terms” are contained in the Newton formulation. |

‘ Stopping criteria

Let || - || be the standard Eucledian vector norm. Several
termination criteria are much in use:

@ Absolute change in solution: [|u—u~|| < ¢,

o Relative change in solution: ||u — u~|| < €,||uo||, where ug
denotes the start value of u™ in the iteration

o Absolute residual: ||F(u)|| < e,

o Relative residual: |[F(u)|| < €||F(uo)|

@ Max no of iterations: stop when k > kmax

‘ Example: A nonlinear ODE model from epidemiology

Spreading of a disease (e.g., a flu) can be modeled by a 2 x 2 ODE
system

S’ =-pSI
I"=BSI — vl

Here:

o 5(t) is the number of people who can get ill (susceptibles)
o [(t) is the number of people who are ill (infected)

@ Must know 3 > 0 (danger of getting ill) and
v >0 (1/v: expected recovery time)




‘ Implicit time discretization ‘ A Picard iteration

A Crank-Nicolson scheme:
o We have approximations S~ and /= to S and /.
gntl _gn _ —8[51]”% ~ 7é(5nln 4 gLty o Linearize S/ in S ODE as /=S (linear equation in S!)
In+A1t /n 2 5 o Linearize S/ in | ODE as S~/ (linear equation in /1)
- _ 3 _ s~ Zignyn ntlyntly _ Yo o gntl
R = p[SI"z —vi™t2 2(SI + ST 2(I + 17
s _ %Aws(l)/(l)
New notation: S for $7t1, M) for S7 [ for 171, |() for |7 5= 1+ 3At8I-
; 10 + Iatps @)
1 C 1-3AtBS 4w
Fs(S,1)=5—5M 4 5Atﬁ(sil)/“) +S1)=0
1 1 Before a new iteration: S~ < Sand [T « [
F(S, ) =1—10— Ema(s“)/(” +51) — EAty(/(” +1)=0

‘ Newton's method Actually no need to bother with nonlinear algebraic

Fu)=0, F=(Fs,F), u=(S.l) equations for this particular model...
Jacobian:
L FFs HFs | | 1+38t60 $AH
- ; ; - For this particular system of ODEs, explicit time integration
2R SR —IAtBS  1-L1Atpl - LAt

methods work very well. Even a Forward Euler scheme is fine, but
the 4-th order Runge-Kutta method is an excellent balance between

Newton system: J(u™)du = —F(u™) high accuracy, high efficiency, and simplicity.

1+ 3081~ 1AtBS™ 5S Y\
—3AtBST  1-JAtBIT — JAtw 51 )
§=— S 4 1Ap(SMIM + 5-17)
1= =10 — LAB(SWIW + §717) = LAt (1) 4 17)

‘ Linearization at the differential equation level ‘ PDE problem

Goal: linearize a PDE like % — V- (a(u)Vu) + F(u), xeQ, te(0,T]
ou ;
g: =V (a(u)Vu)+ f(u) —a(u)azg, x €0Qu, t€(0,T]

u = up, x € 0Qp, te€(0,T]




‘ Explicit time integration

‘Explicit time integration methods remove the nonlinearity ‘

Forward Euler method:
[Dfu=V"-(a(u)Vu) + f(u)]"

urH _yn
R~ V- (a(u")Vu") + F(u")

This is a linear equation in the unknown u"+!(x), with solution
U™ = 4"+ AtV - (a(u")Vu") + Atf(u”)

Disadvantage: At < (maxa) }(Ax% + Ay? + Az?)

‘ Picard iteration for Backward Euler scheme

We have

un — g1

Ar = V- (a(u™)Vu") + f(u")

Picard iteration:

u
At

ymk+1 _ yn-1

= V- (a(u™ ) Tum ) 4 f(umK)

Start iteration with u™® = u~!

‘ Backward Euler scheme and Newton's method

Normally, Newton's method is defined for systems of alge-
braic equations, but the idea of the method can be applied
at the PDE level too!

Let u™k be an approximation to the unknown u". We seek a better
approximation

u" = u"k 4+ s

o Insert u” = u™K + §u in the PDE

@ Taylor expand the nonlinearities and keep only terms that are
linear in du

Result: linear PDE for the approximate correction du

‘ Backward Euler scheme

Backward Euler scheme:
[Dyu=V-(a(u)Vu)+ f(u)]"
Written out:

u — un—l

A= V- (e(u")Vu") + f(u™)

This is a nonlinear, stationary PDE for the unknown function u”(x)

‘ Picard iteration with alternative notation

ymk+1l _ yn—1

: —-Vv- (a(un.k)vun.k+1) + f(u"’k)

Rewrite with a simplified, implementation-friendly notation:

nk+1

@ u means the unknown u to solve for

@ u~ means the most recent approximation to u

o u™ means u"! (u) means u"*)
— 4™
u u . —
At =V ((u)Vu)+£(u")

Start iteration with uv= = u(1); update with v~ to u.

‘ Calculation details of Newton's method at the PDE level

Insert u™k + §u for u” in PDE:

umk 4§y — u"t

At = V- (a(u™* 4+ 0u)V(u™ + 6u)) + F(u™* + 0u)

Taylor expand a(u™k + du) and f(u™k + su):

a(u™ 4 du) = a(u™k) + %(u"’k)ﬁu + O(0u?) ~ a(u™ ) + o/ (u™*)du

f(u"‘k +0u) = f(u"'k) + %(u"’k)ﬁu +000u?) ~ r’(u"’k) + f’(u"‘k)ﬁu




‘ Calculation details of Newton's method at the PDE level

Inserting linear approximations of « and f:

umk 4 Sy — yt

At (a(u™*)Vumk) + F(umk)+

—v.
V - (a(u™)Vou) + V - (o (u™*)5uVu™ )+
V- (@ (u™) §uViuy) + ' (4™ )ou
dropped

Note: o/ (u™*)duViu is O(u?) and therefore omitted.

‘ Similarity with Picard iteration

Rewrite the PDE for §u using u™* + du = u™k+1:

v . nkyg , nk+1 nk
At =V (a(u")Vu )+ f(u™)

+ V- (o (u™*)5uVu") + ' (4™ )ou

ymk+1 _ yn-1

Note:

o The first line is the same PDE as arise in the Picard iteration

o The remaining terms arise from the differentiations in
Newton’s method

‘ Combined Picard and Newton formulation

u—u® _ -~
At =V (a(u”)Vu)+f(u")+

AV - (/™) (w = uT)VuT) + £/ (u7)(u = 7))

Observe:

e v =0: Picard iteration
@ v =1: Newton's method

Why is this formulation convenient? Easy to switch (start with
Picard, use Newton close to solution)

‘ Result of Newton's method at the PDE level

SF(Ou; u™k) = —F(u™)

with

IR T £ A
At )
SF(6u; u™k) = 7$5u + V- (a(u™)Vou)+

V- ((y’(u"’k)duVu"‘k) + f"(u"’k)éu

F(umky =

Note:

@ 0F is linear in du

@ F contains only known terms

‘ Using new notation for implementation

o u for u”

o u~ for u™k

o u for u"1

6F(bu;u") = —F(u~) (PDE)

O
Fu™) = At
OF(0u;u™) = 7$6u + V- (a(u™)Viu) +

V(o (u7)6uVu™) + f'(u”)ou

-V (a(u7)Vu")+f(u7)

‘ Crank-Nicolson discretization

Crank-Nicolson discretization applies a centered difference at ¢, 1:
2

[Dru =V - (a(u)Vu) + F(u)]"+3 .

Many choices of formulating an arithmetic means:

[ ~ A+ o) = [
[ ~ () + A ) = )13
[a(0)Va]™ ~ a(%(u" + u"“))V(%(u" + ™)) = o(@)VE S

[a(0)Val"F % L (a(u") + (" )V (" + u)) = [a(e) VE]"3

N = N =

[a(u)Vu]" 2 ~ Z(a(u")Vu" + a(u™ ) Vu) = [a(u) Va2




Arithmetic means: which variant is best?

Is there any differences in accuracy between

O two factors of arithmetic means
@ the arithmetic mean of a product

More precisely,

. Lo 1 1
[PQI™ = P73 Q"E ~ S(P" + P"“)E(Q" + Q")

[PQ]'HA ~ %(P"Q" + Pn+lQn+1)

It can be shown (by Taylor series around t,, 1) that both
2
approximations are O(At?)

Discretization of 1D stationary nonlinear differential

equations

Differential equation:

—(a(u)u) + au=f(u), x€e(0,L)

Boundary conditions:

‘ Finite difference discretizations

The nonlinear term («(u)u’)’ behaves just as a variable coefficient
term (a(x)u’)" wrt discretization:

[~ DxaDyu + au = f];

Written out at internal points:

1
~az ((}i+%(u,‘+1 —uj) — (Y,-,%(Ui — u;,l)) + auj = f(uj)

@1t two choices

o3 ~ 0G0+ i) = (@)

o1~ 5(0(0) + alurin)) = (@) T

Solution of nonlinear equations in the Crank-Nicolson

scheme

No big difference from the Backward Euler case, just more terms:

o Identify the F(u) = 0 for the unknown u"*!
o Apply Picard iteration or Newton's method to the PDE
o Identify the sequence of linearized PDEs and iterate

‘ Relevance of this stationary 1D problem

1. As stationary limit of a diffusion PDE

up = (a(u)ux)x + au + f(u)
(ue = 0)

2. The time-discrete problem at each time level arising from a
Backward Euler scheme for a diffusion PDE

ur = (o(u)ux)x + f(u)

(au comes from u;, a ~ 1/At, f(u) = f(u) — u""1/At)

‘ Finite difference scheme

(oui) + (uitr)) = [@X]H%

N =

results in

[~ Dx&@*Dyu + au = f];.

— s ((@() + 0ui1)) w1 — i) ~ (0w 1) + () (ui — i 1)
+ au; = f(u;)




‘ Boundary conditions ‘ The structure of the equation system

Structure of nonlinear algebraic equations:

A(u)u = b(u)
o Ati= Ny u;=0.

o Ati=0: a(u) =C 1
2Ax2

A1 = —5a(alu1) + a(u))

Aii = (—a(uiz1) + 20(u;) — a(ujy1)) + a

[a(u)Doxu = Clo

v — Uy 1
o) TR = € A = ope

bi = f(u;)

(aui) + a(uis1))

The fictitious value u_1 can, as usual, be eliminated with the aid of
the scheme at i =0 Note:

o A(u) is tridiagonal: Ajj =0forj>1+1andj<i—1.
o The i =0 and i = Ny equation must incorporate boundary
conditions

‘ The equation for the Neumann boundary condition ‘ The equation for the Dirichlet boundary condition

1. For i = Ny we can use the Dirichlet condition as a separate

i = 0: insert g
equation

_ 2Ax
LT () u=D, i=N,

in Ap,0. The expression for A; ;i1 applies for i =0, and A;;_; for

i = 0 does not enter the system. 2. Alternative: for i = Ny we can substitute up, in A;; by D and

have N, — 1 equations.

‘ Picard iteration Details: without Dirichlet condition equation

N, = 2 and Dirichlet condition not as a separate equation:
(Ao.o A0,1><U0>:(bo)
Ao A1l uy by

(=afur) +2a(uy) —afuy)) +a

Use the most recently computed vaue u~ of u in A(u) and b(u):
1
Avo = 573
Au)u = b(u™) 28
A1 = YN (o(ug ) + a(uy))
Tridiagonal system: use tridiagonal Gaussian elimination 1 B B
Ao = YN (e(ug ) + a(ur))

Aus = a3(-alug) +20(6) — alun) + 2
bo = (u5)
by =f(uy)

Note: subst. u_3 by Neumann condition formula, subst. u; by D




Details: with Dirichlet condition equation

Ny = 2 and including u, = D as a separate equation:

Aoo Aor Aoz uo bo
Ao A Al u | =1 b
Axg A1 Az u2 b

with A;; and b; as before for i, j = 1,2, keeping uy as unknown in
Ay, and

Ao =Ar0="A1 =0

1
A= ——
12 2Ax?
Axp =1, by =D

(a(un) + (w2))

| Newton's method; Jacobian (2)

The complete Jacobian becomes (make sure you get this!)

OF; _ 0Aii 0A;i 0Aiit1 Ob;
Ji= _ . Ly A > )
= B D ui—1 + o0 ui + Aji + o Ujt1 a0
= m(fa/(u,-)u,-,l + 20’ (uj)uj — oui1) + 20(u;) — a(ujz1))+
1
a— m()ﬁl(ui)ui+1 —b'(u)
OF; JAii-1 JA; i Ob;
= — - Aivi AP
i1 duiy  Oug ! AL duia" T B
1
= W(*U/(Uifl)uiq = (a(ui-1) + a(u;)) + o (ui-1)u;)
OAiit1 0Aii Ob;

ujp1 + Aig1,i +

Jijit1 = uj —
duj_y Oujy1 Oujy1

= Az (0 )i — () + aluis)) + ' (u1)ur)

Galerkin-type discretizations

@ V: function space with basis functions 1;(x), i € Zs
o Dirichlet conditionat x = L: (L) =0, i € Zs
(v(L)y=0vveV)

o u=D+3 e, Gy

Galerkin’s method for —(a(u)u') + au = f(u):

L L L
/ a(u)u’v’dx+/ auv dx :/ f(u)vdx+la(u)d'vly, WveV
0 0 0

Insert Neumann condition:

[a(w)u'vg = a(u(L))u'(L)v(L) — a(u(0))u'(0)v(0) = —Cv(0)

| Newton’s method; Jacobian (1)

Nonlinear eq.no 7 has the structure

Fi = Aiic1(uicy, ui)uin + Aii(ui-, i, viga)ui+
A i (Ui, ujg1)ujpr — bi(uj)
Need Jacobian, i.e., need to differentiate F(u) = A(u)u — b(u) wrt

u. Example:

9 OAi L p 0U
%(Ai,i(ui—lyuiy”i+1)”i) = o Y +A"'0u,~
0

= 95 2nx2

—a(uj-1) + 2a(u;) — a(uir1)) + a)ui+

ﬁ(f(!(ui—l) +20(u;) — a(uit1)) + 2

= flﬁ(%r'(u;)u; — a(uji—1) + 2a(ui) — a(uiy1)) + a

‘ Newton's method; nonlinear equations at the end points

1
Fi = —5 g () + oluipa)) (i — ui) = (aui-1) + a(ui))x
(u,- - u,-,l)) + auj — f(u,-) =0
At i =0, replace u_1 by formula from Neumann condition.
Q Exclude Dirichlet condition as separate equation: replace uj,
i= Ny, by DinFj, i=Ny—1
@ Include Dirichlet condition as separate equation:

Fn (uo,...,un,) =uy, —D=0.

Note: The size of the Jacobian depends on 1 or 2.

‘ The nonlinear algebraic equations

Find u € V such that

L L L
/ a(u)u'v'dx+/ auvdx:/ f(u)vdx — Cv(0), VYveV
0 0 0

YveV = Viels, v=n1;. Inserting u =D + Zj ¢j); and
sorting terms:

L

L
> (/u(D > v dx) G = / (D4 cxtbi )i dx—Ceii(0
m\2 P x

J 0

This is a nonlinear algebraic system




Fundamental integration problem: how to deal with

We choose ; as finite element basis functions

J £k cktbr)eidx for unknown ci?

o We do not know ¢ in foL (O "k ki )vidx and

L I Nl ah!
Jo o>k ki)Y dx
Solution: numerical integration with approximations to ¢, as

in _]'OL f(u™)pidx

Next: want to do symbolic integration of such terms to
see the structure of nonlinear finite element equations (to
compare with finite differences)

‘ The

oup finite element method

Since u is represented by 3°; p;u(x;), we may use the same
approximation for f(u):

Flu) = D Fx)ei
J
f(x;): value of f at node j. With u; as u(x;), we can write
flu) = F(uj)es
i

This approximation is known as the group finite element method or
the product approximation technique. The index j runs over all
node numbers in the mesh.

‘ Simplified problem for symbolic calculations

Simple nonlinear problem: —u” = v?, v'(0) =1, u'(L) = 0.

L L
/ u'v dx = / v?vdx —v(0), YveV
Jo Jo

Now,

o Focus on [ v?vdx
o Set ¢; = u(x) = uj

(to mimic finite difference interpretation of u;)
o Thatis, u=3"; ujp;

vi=@u6), 1€T1s

Degree of freedom number v/(i) in the mesh corresponds to
unknown number i (¢;).

Model problem: v(i) =i, Zs = {0, ..., N, — 2} (last node
excluded)

u=D+3_ Geuj)
J€Ls
or with ; in the boundary function:

u=Depp,-1+ Z Cjpj
jet.

What is the point with the group finite element metho

© Complicated nonlinear expressions can be simplified to increase
the efficiency of numerical computations.

@ One can derive symbolic forms of the difference equations
arising from the finite element method in nonlinear problems.
The symbolic form is useful for comparing finite element and
finite difference equations of nonlinear differential equation
problems.

Integrating very simple nonlinear functions results in

complicated expressions in the finite element method

Consider [ u?vdx with u =Y, ukpx and v = g;:

L
/ S )i dx
0k

Tedious exact evaluation on uniform P1 elements:

h
ﬁ(u,?,l +2uj(ui1 + ujp1) + 60U + u? )

Finite difference counterpart: v? (1)

i




‘ Application of the group finite element method

/qu a /L(Z~f< Deidx = 3 /L e ()
A <p,~0jw /wfj Ow% l

mass matrix M;;
Corresponding part of difference equation for P1 elements:
h
o (Flui-1) + 4f () + f(uir1))
Rewrite as “finite difference form plus something™

h B2
& (F(uion) + () + F(u742)) = hlf () = - DuDF(u)];

This is like the finite difference discretization of
—u" = f(u) — B"(u)

Alternative: evaluation of finite element terms at nodes

gives great simplifications

Idea: integrate [ f(u)v dx numerically with a rule that samples
f(u)v at the nodes only. This involves great simplifications, since

> unle) = u
x

and

Foilxe) = F(Q u i) wilxe) = F(ue)die - # 0 only for £(u;)
k ke ie

(05 =01fi#jand 6; =1if i =)

‘ Finite elements for a variable coefficient Laplace term

Consider the term (au’)’, with the group finite element method:
a(u) = Y, a(uk)pk, and the variational counterpart

L L
/0 o>~ ap) ) dx ~ Z(/0 Prpie)dx)alur) =
: k k
Further calculations (see text) lead to

G @(0) b)) w1 ) 2 0o 1) + (o)) i — i 1)

= standard finite difference discretization of —(a(u)u’)’ with an
arithmetic mean of a(u)

‘ Lumping the mass matrix gives finite difference form

Lumped mass matrix (integrate at the nodes): M becomes
diagonal and the finite element and difference method’s
treatment of f(u) becomes identical!

‘ Numerical integration of nonlinear terms

Trapezoidal rule with the nodes only gives the finite difference form
of [f(u)]i:

Nn—1

L
| w0t e~ b S Fudie — € = b (w)
k =0

(C: boundary adjustment of rule, i = 0, N, — 1)

‘ Numerical integration at the nodes

Instead of the group finite element method and exact integration,
use Trapezoidal rule in the nodes for foL a3y ukpk)¢ip) dx.

Work at the cell level (most convenient with discontinuous ¢}):

1 h [ 2d@, 2d3s h
L hy,) 29828 h
/ o3 Bep)F By X /IQ(Z” ?)hax b ax 2%

h ‘ - =0
= 217]( 1)5/ Z A0
1 1 .
~ 7, -1)"(-1)° Z )+G(Z Ge(1) i)
=0 2
— 217(—1)’(—1)5((1(170) +a(@®y)




Summary of finite element vs finite difference nonlinear ‘ Real computations utilize accurate numerical integration

algebraic equations

N _
(a(w)e') + au = £(u) @ Previous group finite element or Trapezoidal integration
. - examples had one aim: derive symbolic expressions for finite
Uniform P1 finite elements: elemell)-ut equations Y P

o Real world computations apply numerical integration

o How to define Picard iteration and Newton's method from a
variational form with numerical integration in real world
computations?

o Group finite element or Trapezoidal integration at nodes:
—(a(u)u') becomes —h[Dya(u) Dyul;

o f(u) becomes hf (uj) with Trapezoidal integration
or the “mass matrix” representation h[f(u) — gDXDXf(u)]; if
group finite elements

o au leads to the “mass matrix” form ah[u — gDXDXu],-

Picard iteration defined from the variational form ‘ The linear system in Picard iteration

—(a(u)uY +au = f(u), x€(0,L), o(u(0))u'(0)=C, u(l)=D

L L
Fi= / (a(u™)u'"y: + aurpi)dx — / f(u™ )i dx + Cipi(0)
Jo Jo

Variational form (v = 4

This is a linear problem a(u, v) = L(v) with bilinear and linear
forms

L L L
Fi= / a(u)u'y;dx +/ au;dx — / f(u)vidx + Cyi(0) =0
0 0 0

L L
Picard iteration: use “old value” u™ in a(u) and f(u) and integrate a(u,v) = / (a(u™)u'v/+auv)dx, L(v)= / f(u™)vdx—Cv(0)
numerically: J0 7o

The linear system now is computed the standard way.

" L
Fi= / (au™ )+ auy) dx — / F(u™ )i dx + Cui(0)
Jo Jo

‘ The equations in Newton’s method ‘ Useful formulas for computing the Jacobian

L
Fi= / (a(u)u'yi + aurh; — F(u)hi) dx + Ci(0) =0, i€ Zs du 9
o — = b = Ui
3Cj 0(.‘]' Xk: ) vi
Easy to evaluate right-hand side —F;(u~) by numerical integration: o' _ 9 Z ol =
9 0g 4 kT

L
Fi= / (™)'t + ausy — (™)) dx + Cun(0) = 0
0

(just known functions)




‘ Computing the Jacobian ‘ Computations in a reference cell [—1,1]

=9

J,"j

L -
-/ a%(a(u)u'w; T aui — F(u)i) dx

1
El® = L (al@)a™'@, + (a — F(i7))@,) det JdX — C,(0)

L . 1
= / ((o/ (w)dju + )P + syl — F(w)ibjas) dx = / (/(@)T" 35 + al@7)F 3, + (a — F(57))3s) det JdX
Jo -1
L
- /0 (o (u)u' ity + )iy + (a — F(u))ivyj) dx r,s € lg (local degrees of freedom)

Use o/(u™), a(u™), f'(u™), f(u™) and integrate expressions
numerically (only known functions)

How to handle Dirichlet conditions in Newton's method ‘ Multi-dimensional PDE problems

o Newton's method solves J(u™)du = —F(u™)

@ Ju is a correction to u~
o If u(x;) has Dirchlet condition D, set u;” = D in prior to the ue =V - (a(u)Vu) + f(u)
first iteration

@ Set du; = 0 (no change for Dirichlet conditions)

‘ Backward Euler and variational form ‘ Nonlinear algebraic equations arising from the variational

form

ur =V - (a(u)Vu) + f(u) /(uv + Ata(u)Vu- Vv — Atf (u)v — uWDv)dx =0
Q

Backward Euler time discretization:

u" — AtV - (a(u")Vu") + f(u") = u"? Fi= /(ug‘l’,- + Ata(u)Vu - Vb — Atf(u)h; — uMy)dx = 0
Q

Alternative notation (u for u”, u®) for u™1):
Picard iteration:

u— AtV - (a(u)Vu) — Atf(u) = u®

Boundary conditions: du/dn = 0 for simplicity. Variational form: Fi~Fi= /Q(uw,-+Ata(uf)Vsz;“),-fAtf(uf)w,-fu(l)w,-)dx =0

/(uv + Ata(u)Vu- Vv — Atf(u)v —uMv)dx =0 This is a variable coefficient problem like
Q au — V- a(x)Vu = f(x,t) and results in a linear system




‘ A note on our notation and the different meanings of u (1)
PDE problem: u(x, t) is the exact solution of

up =V - (a(u)Vu) + f(u)

Time discretization: u(x) is the exact solution of the time-discrete
spatial equation

u— AtV - (a(u")Vu) — Atf(u) = u®

The same u(x) is the exact solution of the (continuous) variational
form:

/(uv + Ata(u)Vu- Vv — Atf(u)v — uMv)dx, Vv eV
Q

| Newton's method (1)

Need to evaluate Fj(u™):

Fi~F= /(uf'w,-ﬁ»At a(u™)Vu~-Vih— Atf (u™ )b — uMy) dx
Q
To compute the Jacobian we need

7] o
875,- = Z afcjckdwk =1
K

oVu d )
9 = Z %ckV@‘zk = V);
j PR

‘ Non-homogeneous Neumann conditions

A natural physical flux condition:

0
ﬂk(u)ﬁ =g, x€n

Integration by parts gives the boundary term

du
a(u)=—vds
/39:\1 ( )du

Inserting the nonlinear Neumann condition:

- / gvds
oQn

(no nonlinearity)

‘ A note on our notation and the different meanings of u (2)
Or we may approximate u: u(x) = >_; ¢t
discrete u enter the variational form,

x) and let this spatially

/(uv+Ato¢(u)Vu~vaAtf(u)vf uMv)dx, YveVv
JQ

Picard iteration: u(x) solves the approximate variational form

/(uv +Ata(u”)Vu- Vv — Atf(u”)v — uDv)dx
JQ

Could introduce

ue(x, t) for the exact solution of the PDE problem

ue(x)" for the exact solution after time discretization
u"(x) for the spatially discrete solution 3°; cj1);

u™k for approximation in Picard/Newton iteration no k to
u"(x)

| Newton’s method (2)

The Jacobian becomes

OF; )
oG = /Q(LLju, + At o/ () Vu - Vi + At a(u) Vi - Vipi—

J,'J':

Atf'(u)jai) dx

Evaluation of J;; as the coefficient matrix in the Newton system
Jou = —F means J(u™):

Jij= /(ij,- + At/ (v )YV~ - Vi + At a(u” )V - Vib—
Q

Atf'(u™ i) dx

‘ Robin condition

Heat conduction problems often apply a kind of Newton's cooling
law, also known as a Robin condition, at the boundary:

7(y(u)g—5 = h(u)(u — Ts(t)), x€0Qr
Here:
o h(u): heat transfer coefficient between the body (£2) and its
surroundings

o Ts: temperature of the surroundings

Inserting the condition in the boundary integral fi*Qm a(u)%v ds:

/ h(u)(u — To(T))vds
OQr

Use h(u~)(u — Ts) for Picard, differentiate for Newton




‘ Finite difference discretization in a 2D problem

up =V - (a(u)Vu) + f(u)

Backward Euler in time, centered differences in space:

[D; u = Dea(u) Dxu + Dya(u) Dyu + f(u)lf;
At

n 1 n n n n
upj— ﬁ(E(O’(Uu) + 0(“i+u))(“i+u - ”i,j)

(a(ufy ) + aluly))(ufy — uia)

+
NI =N =R =

(aufy) + a(uff)) (i — ufy)

(a(ufja) + a(ul) = w1 j 1)) = Btf(uf)) = uf;!

Nonlinear algebraic system on the form A(u)u = b(u)

‘ Newton's method: the nonlinear algebraic equations

Define the nonlinear equations (use v for u”, u®) for u"1):

Fij=ujj— %(

%((V(Uij) + o(uiv1))Uir1j — vij)—
%(U(UHJ) +a(uij))(uij — vi-1j)+
%(O‘(Ui-j) + a(uij1)) (Ui — vij)—

1
3(0wij1) + awi)) i = viaj)) = Atf(uig) — uff) =0

‘ Newton's method: details of the Jacobian

OF; ;
Ouj_1j

Jiji-1j =

= %(a'(w—u)(l’u = uji-1j) + o(ui15)(~1)),

= 77 (= (i) iy — uij) = a(ui-ag)),
OFij
Oujj1

At
= 22 (@' (i) (uij = vij-1) + a(uij-1)(-1),
Juj j+1

At
T

Jijij-1=

Jijij+1 =

(=" (uijp1)(uijr — vig) — o(vij-1)) -

‘ Picard iteration

@ Use the most recently computed values u~ of u” in o and f
o Or: A(u™)u=b(u")
o Like solving u; = V- (a(x)Vu) + f(x, t)

Picard iteration in operator notation:

(D u = Dya(u=) Dyu + Dya(u=) Dyu + f(u)]2;

‘ Newton's method: the Jacobian and its sparsity

Newton system:

SN dijrsdurs=—Fij, i€TLy, jET,.

reZc s€Z,

But F;; contains only uj+1,, ujj+1, and u;;. We get nonzero
contributions only for J;ji—1;, Jijit1j Jijij—-1, Jij,ij+1. and
Jijij- The Newton system collapses to

JijursOurs = Jijijouij+ Jiji-1j0ui_1j+

Jiji1j0Uir1j + Jijij-10uij-1 + Jijij+10uij1

‘ Good exercise at this point:

Compute J,‘\jy,',j:

At

Fij=uij— 75

%(a(uu) +a(uip1j)) (Uit — vij)—
%(a(u,-,l_j) + auij))(uij — vi-1j)+
%(a(w) + auijy1)) (i — uij)—

1
5(@(uij1) + aui)) (i = virj1)) = Atf(uif) — u) = 0




‘ Continuation methods Continuation method: solve difficult problem as a sequence

of simpler problems

. . . , . o Introduce a continuation parameter \
@ Picard iteration or Newton's method may diverge i .
o A = 0: simple version of the PDE problem
o A =1: desired PDE problem

o Increase Ain steps: Ag =0,A1 <--- <A, =1

o Relaxation with w < 1 may help

o If not, resort to continuation methods

o Use the solution from A;_ as initial guess for the iterations for
Ai

‘ Example on a continuation method

=V ([[Vul|*Vu) = f,

Pseudo-plastic fluids may be g = —0.8, which is a difficult problem
for Picard/Newton iteration.

Ael0,1]: g=-A0.8

V. (HVUH*AU-HVU) —f

Start with A = 0, increase in steps to A = 1, use previous solution
as initial guess for Newton or Picard




